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Origins in Congruence Closure

Question-1

BEBNMAEETAZEAT, AT H x1,- o Xn
AL E T4 (&K Quantifier-free é’]) N, LN 22T
Yo x; = xj, B AT A0 xi # xj, Pl E T ik 2.

BB AT FN K AT

® Reflexivity: x = x
® Transitivity: x=yAy=z=>x=2z
® Symmetry: x =y =y =x
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Origins in Congruence Closure

Question-1

BEBNMAEETAZEAT, AT H x1,- o Xn
AL E T4 (&K Quantifier-free é’]) N, LN 22T
Yo x; = xj, B AT A0 xi # xj, Pl E T ik 2.

BB AT FN K AT

® Reflexivity: x = x
® Transitivity: x=yAy=z=>x=2z
® Symmetry: x =y =y =x

B MR E R
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Origins in Congruence Closure

Question-2

BIREMNA ETFTAREHT FETA BT

FunctionSymbols :f, g, h
VariableSymbols :x,y, z
Terms ::=x|f(t1,--- , tn)
AL E T4 (K Quantifier-free #9) AN, A &N E L
Yoty =t;, BoWAo t; £ tj, FIATTiHL. 2RHL:
Reflexivity: x = x

® Transitivity: x=yAy=z=x=2z

® Symmetry: x =y =y =x
e Congruence:
tth=51AN--Nth =5,= f(tl,”- ,1.',,) = f(Sl,"' ,Sn).
gk An K2 X R F T % 2 89—/ Congruence Closure.
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Origins in Congruence Closure

Abstract Syntax Tree

AST W, 2F A BRI, vAE ARa— R FHRET —A
Term.

AST TR IE TAF 269" BF5" —H, 2 RFaTH
RE, Ak~ T REHY term.

AN
AK N

a

1: HBLAERY PRI AR
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Origins in Congruence Closure

Origin-Egraph[NO80]

LI H ey Bk RE] AST L. &n;,‘%ﬁ AST k& 7—/ term
TR T — R TR &, A RAEAT e H AT Loy & oR?
% JEVA T AR 1E:
e add: # [ P ifAe—4% AST.(4o RiX#% AST 493 /A subtree
T2 ERY, W AiEELRidE, RELHw)
® merge: INAVAPAANT & x,y &89 term 485, BT £
a9t & ALk, BBt R B E—A R, T F(x) Fo
fly) £B L& AGLE (KAm, ENE S ETT RE term), 3%
2 X6 LAt
B A, LiRidA2ayH L T £ AST Loy term 895 % 4.
o Ly T/ AARIE SN K Ao ki, ez (R G
Erew LR R E N XA TS TEY).
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Origins in Congruence Closure

Origin-Egraph[NO80]: Example
. F(f(a)) = a.
o f(f(f(f(f(a)))) = a

[ e A A e A A ]
AR A A ]
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1

?
[]

D i Eiiy Sy B BN
BN iR o S R
N 0 S R B S R 0

& X &A% union |7
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Origins in Congruence Closure

Some Problems

K, skithy Egraph it A —2L v A

o LA LAK fla) AB a=but, B LAFEHBXMET
f(a) = f(b), BH f(b) HEAWINEAY (IRERETF i
AN—A f(b), K EHe E1E1%).

o fEb— Sty b, VA L @ayp)F A ) Egraph St AL R X
RARG . e L@ AT RAEE—A (- f(2) HER
% % by term.

o & AN L R fe2& Quatifier-free #9.

o B f(tr, -, tn) BIBHEAET S agatiE, kAL P —
MHBBAHRE o BB —R, XA E 24 S A et IR
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Problems in Rewrite System

Problems in Rewrite System

FERIF B ITAR, BT AeA 2 e B Aa0E FrchmEa
Beik 8932 1F (Strength Reduction), o —A~ & 2oy T Az i@ A
FE5 (Rewrite) a9tk 1L, RATT AeA 2 hiF B#E| (RE EAFE
&) A4 ):

® xx2=x<<1

* (x*x2)/2=x
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Problems in Rewrite System

Problems in Rewrite System

- L

EF ERAL BT AR, AT ReA ZERF A ez Hoch 2 a
ik 0948 1E (Strength Reduction), X —AF ey T L@k
FE5 (Rewrite) a9tk 1L, RATT AeA 2 hiF B#E| (RE EAFE
&) A4 ):

® x*x2=>x<<1

* (x*x2)/2=x
AT ENE A BAF, ZNTREE £ X I AKX LE (pattern
matching) KA P A H4e t*2 89 RIE X, FHELEBFAH t << 1.
AT EIE A BAF, EMNTRELEFRIFE, T4
(txa)/btith t«(a/b), REHH 2/2=1 UK tx1=t.
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Problems in Rewrite System

Problems in Rewrite System

EF ERAL BT AR, AT ReA ZERF A ez Hoch 2 a
ik 0948 1E (Strength Reduction), X —AF ey T L@k
FE5 (Rewrite) 894848, BATT AAr 2 mik BHE| (RE EAE A
&) A4 ):

® xx2=>x<<1

* (x*x2)/2=x
AT ENE A BAF, ZNTREE £ X I AKX LE (pattern
matching) KA Y TR Fo4e tx2 09 2 A X, AR L EE A t << 1.
AT EIE A BAF, EMNTRELEFRIFE, T4
(txa)/btith t«(a/b), REHH 2/2=1 UK tx1=t.
K, FB AL HOIR M (destructive) 89, 4o (x % 2)/2, €
LERBLEESH (x << 1)/2, RE#XFF R E /B 47
T EXHENG T a9 KT AN B Pyt (£1ked x).
7030 M 1Z VAT AR 5 rewrite, iX AN 9] 28 — AR 4% ] # phase

ordering problem.
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Problems in Rewrite System

Equality Saturation

Egraph a9 #:
e Egraph A%k 474E5 AST, L 2T VAR JEIR, (2R M5 .

e Egraph -TVARE" £ 5a7" 8913 4., f& Egraph L& 5 R
RIS
148 Egraph Fo3&F & FE rewrite HLN, &R ATTVAFKE] —A~ term
0T HFEMHX, Fad b RmAmay ARA-
XA it 42 — AL A% M # Equality Saturation.
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Problems in Rewrite System

Equality Saturation

Egraph a9 4% %
® Egraph TA% 4P 1E& AST, £ ETVAHBIR, 2R Z%T .
® Egraph TARE" E5AT" 8913 &, /& Egraph L E 5 R2
BTG
&85 Egraph e &% rewrite LN, HATTAIKE] —A term
WETEMNBX, Staah L& RN
XA it 42 — AL A% M # Equality Saturation.
K, BAEMNE R, 5 g a9 42427 Rule, fx—/
Interpreter % 531§ Syntax #1i% %] Semantics. 4efTf F—/~
Interpreter, 23Xk K& F" TH" A 1449 Rule &7
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Problems in Rewrite System

Rewrite Rule Inference[NWZ*21]

Gk F, BNV —EMR, REHenmmiest, 5+
1 B SR ERAERA T B (4o SMT) 3£ /1 3 A2 S 45
IANLETRABINEF SR T, #ldetikF K0T HEA T
ata=ax2, LRHFREEERAT (a+a)+1=(ax2)+ 1
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Problems in Rewrite System

Rewrite Rule Inference[NWZ*21]

BR0 R 7r F e, B NEGR—ER, R EHeN B AT,
1R IMERIEI LA (o SMT) 2 A A€ A% F405.
IAERTARASEINEF SR T Hlho R RS IER T
ata=ax2, LRHFREEERAT (a+a)+1=(ax2)+ 1
o fT R Y X AP IR ? A7 AR T VAL A Egraph.

Grammar

e X Oerene e Ruler Framework

t Term Enumeration -
v Candidate Rule .
o1) + eval(e2) > Modulo } Canerion) } Rule Selection ’
* eval(e2) Equivalence

o1+ ez > eval (o Iy
A x4 (y+2) = (x
) f 1 x*(y*az = (x

Validator

Rewrites

SMT / model check / fuzz

3: Rewrite Rule Inference
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Refinement

@® Egg:Egraph-Good[WNW'21]
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Refinement

New Syntax

egg 1£ A T #7449 Syntax:

function symbols f,g

e-classids a,b opaque identifiers
terms ¢ = f| f(t,...,bn) m=1
enodes n:=f| f(ay,...,am) m=1
e-classes ¢ == {ny,....nm} mz=1

4: Syntax
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Refinement

Hascons Invariant

egg & A —/A~=70 (U, M, H) 437 —/ Egraph, L
o U ZF—/NHEE, 42 eclass ids Z M pgsmy £ 4L
o M &= —/A¥% e-class id B4t 3] e-class 84 T4k
o H & —/ M e-node 84t %] e-class id &% F3%
*FF—A~ e-node, & 3L
canon(f (a1, - ,am)) = f(find(a1), - - - find(am)).
TR B % 2 37T —A e-node n fe—A~ e-class id a, [2F
n € M[a] < H[canon(n)| = find(a).

AN ABENEER, ATAHETER LEE BEAXEIHHRITEX
BRAT

LWLAymh
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Refinement

Representation of Terms

HATE L
o —/~ e-graph Atk —/ term % HAL K € a4 LA F eclass
Ab /_i&,y_
o — /s eclass A kT —A term L HAL B © oy L AF e-node
bﬁTF
e — /A enode f(ay, - ,am) R kT —A term f(ty, - ,tm),

L B Y Via; ATk T8y eclass 42 & t;.
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[ee]e] lele]le]e]

Refinement

Representation of Terms

HATE L
o —/~ e-graph Atk —/ term % HAL K € a4 LA F eclass
At
o — /s eclass A kT —A term L HAL B © oy L AF e-node
AR
e — /A enode f(ay, - ,am) R kT —A term f(ty, - ,tm),

L B Y Via; ATk T8y eclass 42 & t;.
FAVT A iR A gk ® L Equivalence 5%

o 3 FAA eclassids: T a=jgy b L EHXHEECANIRET R —
A e-class, 23 find(a) = find(b)

o 3 T HA e-nodes: T L N =pode N2 % HALE ny,ny £ —
A~ e-class ¥

o 3 F A terms: TSt Zperm tr B HALG t1, bty ARHLE —
A e-class &7
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Refinement

Examplel

ssEEmssmEnEEy sEEEEmEEmEEEEEEEEEEsEREEEEEy

£

.
-

CETTTETTELLEE)
amsEmEmEEmEE.

"
.
.
"
.
¥

-

QO
N

ternnmnsnsnnnst

[& 5: Example(a+a=a*2)
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[e]e]ele]e] lele]

Refinement

Example2

(a) Initial e-graph (b) After applying rewrite (c) After applying rewrite (d) After applying rewrites
contains (a x 2)/2. X2 x <l (x X y)/z = x x (y/2). x/x — land 1 Xx — x.

6: Example((a*2)/2=a)
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Refinement

Example3-Group

—ANBE G AaE A
o HBAEEAIL 0, 1#/F VX, x+0=x=0+x.
* ARBEM Yz, (x+y)+z=x+(y +2)
o 7 fEi% U, Vx,inv(x) + x = 0.
ZIXVALIE R inv(inv(x)) = x.
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Refinement

Example3-Group

— /N BROgdE LA
o BAEFATTLO0, HIFVx,x+0=x=0+x.
o AHLELEEYXyzZ, (x+y)+z=x+(y+2).
o %% U, VX, inv(x) + x = 0.

23X VA B inv(inv(x)) = x.

inv(inv(x)) = inv(inv(x)) + 0 [unit]
= inv(inv(x)) + (inv(x) + x) [inv]

= (inv(inv(x)) + inv(x)) + x [assoc]
=0+x [inv]
]

=x [unit

LWLAymh
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.

inv

& 7: #148
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.

7 A5 AN
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.
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Example3-Group

2iX1E M :inv(inv(x)) = x.
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.

7. AN
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.

Aymh

mple Introduction to Egraph



Egg:Egraph-Good[WNW ™ 21]
O000000e

Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.
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Refinement

Example3-Group

2iX1E M :inv(inv(x)) = x.

7 A5 AN

LWLAymh

A Simple Introduction to Egraph



Egg:Egraph-Good[WNW ™ 21]
[ le]
Rebuilding

@® Egg:Egraph-Good[WNW'21]

Rebuilding

Aymh

mple Introduction to Egraph



Egg:Egraph-Good[WNW ™ 21]
o] ]

Rebuilding

Rebuilding

MmaZ: SEMIIN—FFME L (Rl 6FF A eclass) 49
BHE, 5 2% @ BB MR FRER—R LA
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E-class Analysis

@® Egg:Egraph-Good[WNW'21]

E-class Analysis
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E-class Analysis

Motivation

Questionl: FH —3 f RGN % F 245 %) 49 Rewrite Rules,
tb.4= Constant folding.

Question2: F —3& Rewrite & L& HF3E4T4Y, todo x/x — 1 24
IRPRIE x # 0.

Question3: f& Program Optimization 8, X /1%& & & 2 A Egraph
PAIRIUE — A w8 term(TH H B ), AR, B R —iR
R E oy RN K

Solution: % iX & Egraph a9 A2+, 3t B s 47 — L1428
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E-class Analysis

Additional Information

X B 24504915 8% Egraph TTVA%P. B AT B 42 % local 49,
ALk —A e-node f(ar, -, am) é/ﬂ‘, B Ry f 8913 B4 eclass
a, - ,am %8 é’jfa/uj‘l‘;@r_ﬁ%—ij # B —A~ e-class 8912 8. v i% 2
W 3 €489 e-node 4913 Bl R AP 7 " & 0F" Ak, sobh (AN
%)f(al,--- am) B EEIZ" % Ta, - am 09138 (BT —7
RIS X 7).
b, AT HARRAN L, C N BT AT T AR1E:
* make: % Add —/N#749 e-node a9BTAE, T VA A AR —AHT8Y
13 8.
e join: % Union M/ e-class #4at1&, T A&F €913 &
® modify: % —/~ e-class 49 % /~F e-node #4913 8.7 T a4 B 1%,
T Bk EA7E 0915 & (X Z4R#T Rebuilding).

LWLAymh
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E-class Analysis

Join-Semilattice

FEA1WE %2 Join-Semilattice % £ 84 local 8915 8% T E 4P Y.
—/~ Join-Semilattice € SLUH —/Mm 5 & (P,>), APIEEZHANT
Z x,yeP, MHEE-NEZL xNy P, &ﬁx,yz(x/\y), vin

HHRAT A

® Associative: x A (y ANz) =(xAy)Az
e Commutative: x Ay =y A x

® |dempotent : x A x = x

LWLAymh
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E-class Analysis

Constant Folding

& 15 84 Option(Number) (8, 4 a> b HHALE b 2
None. #R 2 £ A1#L 7T vA £ Egraph % it 4% ¥ #% Constant Folding
Fions
® make: % Add —/N#ad &7 LT ¢ 89 e-node ByETIE,
H1z 8.4 Some(c).
® join: % Union A~ e-class #9841%, 4o R E 1% R~ None ¥
HARZ AAE 49 Some(c), #A =X A Some(c); & N & =]
None.
® modify: % —/~ e-class 49 3% /~F e-node #4913 &. 7 T a4 B 1%,
RE R C 0915 AT vA £#.
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E-class Analysis

Extraction

Y cost 5= local B48F1%, © 7T VL U —A semilattice, A 1EE
S AZ 8 A% cost, £ a> b HHAX L a ayatilEA KT b, i
BT VAZ L aAb=min(a,b). ALK AT VAL Egraph a4t
A2 SR ILET 9] 15 e
® make: ¥ Add —/N#784 & T A e-node pyEtiE, AJEIHE
cost.
® join: % Union A e-class agaf 4%, BLE 1 cost 49 min.
® modify: % —/~ e-class 49 % /A~F e-node #4913 8.2 T a4 Bt 1%,
W TIZRE A w ERAA T A28y, I R AT, B AT VA
Heik B #.
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Remaining Issues
oe

combinatorial explosion

AT ) e M (Phde I, 45, HBE), CAT6G AN
AST “TagAE £ Hix. AT Rewrite ©ATL 5L F 2dext oy AST
AR Ao it k.

SUVeD
SWANS

8: - ELAE A FARIE AT
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